Conic quadratic optimization - part 2

Erling D. Andersen
MOSEK ApS,
Fruebjergve) 3, Box 16,
2100 Copenhagen,
Denmark.
Email: e.d.andersen@mosek.com
Personal WWW: http://erling.andersen.name
Company WWW: http://www.mosek.com

April 10, 2008 http://www.mosek.com



MoseK

http://www.mosek.com

Introduction

2 / 44



MeseK Topics

http://www.mosek.com

it m  Duality in conic optimization.
Duslity m  Optimality conditions for conic quadratic optimization
problems.

The quadratic cone
again

Summary

Exercises

3/ 44



MoseK

http://www.mosek.com

Duality

4 | 44



MAISEK  The (dirty) details of duality

http://www.mosek.com

Introduction Recall given a convex cone I then the dual cone K* is given by
Duality
The (dirty) details of
duality K*:={s: s'x >0, Vx € K}.
Simplifying notation
Weak duality . . L .
Questions and Moreover, the primal conic optimization
answers
Comparison of linear
and conic duality min ZT (Cl{:)Tﬂfk
The main theorem krzl Lk
Srongly infeasible st Zk:l A X — b7 (1)
Central statements ﬂjk c ICIC’ k — 17 o ’7,.7
The quadratic cone
again
Summary has the corresponding dual problem
Exercises T
max by
st (quyry-+'8k — Ck) k 17 y T (2)
sk e (KCF)*, Ek=1,...,r
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Simplifying notation

Let us simplify the notation i.e.

K
]C*

We assume that

Cl
(32

A e R™"

KPx K2 x - x K7,
(CH* x (K?)* x -+ x (K")*.
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The primal problem

min ¢!z
st Az = b, (3)
x e .
and the dual problem
max b1y
st Aly+s = ¢, (4)
s € K*.

Definitions:

m The problem is primal feasible if a solution x exists satisfying
the constraints of (3).

m  The problem is dual feasible if a solution (y, s) exists
satisfying the constraints of (4).
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ntroduction Given a primal-dual feasible solution (x, ¥, s) then
Duality
The (dirty) details of . T T
duality duality gap = c x—b'y
Simplifying notation L AT T bT
= @y+s)z-by
Questions and — ZUTS _l_ (A:E)Ty L bTy
answers
Comparison of linear — ZUTS _I_ bTy L bTy
and conic duality T
The main theorem — Xr S
Srongly infeasible
Central statements Z O
The quadratic cone
S Recall x € K and s € K* implies z''s > 0.
Summary . . . .
Hence for all primal-dual feasible solutions (z,y, s) weak duality
Exercises ]
holds i.e.
e > bly,
or in words

primal objective value > dual objective value.
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duality CT;U — bTy’

Simplifying notation

Weak duality

Questions and

then x is an optimal solution to (3) and (y, s) is an optimal
?Zr;sr:,"nvszison of linear SO/UtI.On to (4)

and conic duality

The main theorem

Srongly infeasible Notes:

Central statements

The quadratic cone m [he value of weak duality cannot be overstated.

again

Summary [0 Makes it possible to state a certificate that allows
Exercises verification of optimality in polynomial time.

[0 Makes it possible to evaluate the quality of feasible
solution given a dual feasible solution known.
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Does (3) always have an optimal solution?
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Questions and answers

Does (3) always have an optimal solution?
No the problem could be infeasible e.g.

Assume (3) is feasible then does it always have an optimal

solution?
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Assume (3) has an optimal solution. Is the dual then
feasible?
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Assume (3) has an optimal solution. Is the dual then

feasible?
No. For instance the problem

min — 9
st Tr1 — I3 = 0,

V25 + x5 < @,

has the set feasible solutions:

{(37173727:63) L X1 2> Oa Lo = 07 X3 > O}

Hence, x = (0,0,0) is an optimal solution.
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The corresponding dual problem is

max 0
st Yy + s1 = 0,
S9 — —1,
—Y + 83 = 0,

\/ 55 + 83 < s3.
/57 + 1< s

which implies the dual problem is infeasible.

Hence,
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Assume both (3) and (4) has an optimal solution is the
duality gap then zero?
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Assume both (3) and (4) has an optimal solution is the

duality gap then zero?
No, consider

min T9
st \/:1:% + (o — 1) < xq,
V(—x1+19)? < oxy.

From the first constraint it follows
ro = 1
Using this fact and the second constraint then

1 S 2:[31.
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answers and the optimal objective value is 1.

Comparison of linear

and conic duality The corresponding dual problem is

The main theorem

Srongly infeasible

Central statements 1mMax 29

The quadratic cone — —

s st Z1 + w1 — 23 + w9 0,

Summary <2 + <3 — 17

Exercises A /Z% - Z% S w1,
\/ 23 <  ws.
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The two last constraints implies
(V0N 2 ’2’1’ and w9 Z ‘23‘

we have

w1+ 21 >0 and wy — z3 > 0.

Using the first constraint this implies
w = —21 and wo = Z3.
Now using the second constraint we have that

z2:1—23:1—w2.
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Therefore, the dual problem is equivalent to

ma 1 — (1))
st \/w1 (1 —wy)? <
\/wi2 <

w1,

w2

which has the feasible set {(w1,w2) : wy >0, we = 1} and the

optimal objective value is zero. Hence,

1 -0
L.

duality gap
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It can be verified that if
(wy — 1)

with
(22 — @)

where a > 0 then the dual gap will be «.
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Is the optimal objective value always attained?
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Is the optimal objective value always attained?

No. Consider

which is equivalent to

Clearly, the optimal objective value is 0 but this implies

min
st

min 1
xr

st x>0

Z

t = V2,

2 < 2z,

r = OO

which can never be attained.

x,z > 0.
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The main theorem

First define the primal problem

v, = inf clx
st Ax = b,
x el
and the dual problem
Vg = sup b1y
st Aly+s = ¢,
s e IC*.
By convention we use
m If (5) is infeasible, then v, = oc.
If (6) is infeasible, then vy = —oc.

(5)

(6)
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Strongly feasible

(5) is said to be strongly feasible if there 9 > 0 such that
{reR": Av=>b, x € K} #0

for all b satisfying

ZA)—bH < e.

This is the same as saying that a small perturbation in b does

NOT make the problem infeasible.
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Srongly infeasible

(5) is said to be strongly infeasible if there ¢ > 0 such that

{reR": Av=>b, x e K} =10

for all b satisfying

ZA)—bH < e.

This is the same as saying that a small perturbation in b does

NOT make the problem feasible.
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Central statements

Lemma 2 (5) is strongly infeasible if and only if
bly=1, Aly+s=0, seK*

is strongly feasible.

Lemma 3 (6) is strongly infeasible if and only if
da=—1 Az =0, z ek

is strongly feasible.

Theorem 1 (Strong duality) If either (5) or (6) is strong

feasible, then vg = 1.

See [3, p. 73] and [1].
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Observe:

If A is of full row rank and
int{fr e R": Ax =0, x € K}) # ()
then (5) is strongly feasible.

When does it go wrong?

0 If a small perturbation in the problem data makes the
problem status flip from feasible to infeasible or from
infeasible to feasible.

Such problems must be intrinsically hard to solve.

[0 Consider that computations are done in finite precision.
[0 Data are inaccurate usually.
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Th drati n .
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Topological
properties
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conditions

Further facts about
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(obviously).
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Complementarity

In linear optimization complementarity means something like

LiS; — 0.

What does the complementarity conditions look like for conic

quadratic optimization?

First define the arrow head matrix

V :=mat (v) =

U1
U2

Un

U1

28 / 44



maoseK

http://www.mosek.com

Introduction

Observe

Duality

The quadratic cone
again

Topological
properties

Complementarity

Optimality
conditions

Further facts about
the dual cone

Other cones
Nonlinear cones

Summary

Exercises

mat (x) s

L1 T2n
) X1
Ln

ZETS

T182 + S1T2

T18n 1+ S1Tn

L1
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Lemma 4 Assume K =Kt x --- x K" and each KF is a
quadratic cone. If x,s € K, then x and s are complementary, i.e.

Duality

The quadratic cone

again s =0, if and only if
Topological
properties
XkSkel = SkxFel =0, k=1,...,r
ptimality
conditions
Further facts about
the dual cone where X* := mat (mk) ( ) and
Other cones o
Nonlinear cones e = (O7 07 ceey ]{, e e ey O) 6 Rn .
Summary
Exercises F)r()()f:
Clearly
XFSFeR =0 = (215" =0
because
n
0 —= Z (ek)Tstkek
1=1
i kENT  k
= > (z")"s
1=1
T 30 / 44
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again
Topological
properties

This is clearly true if z¥ = 0 or s¥ = 0. Therefore, we can
Py assume that 2% > 0 and s} > 0.

conditions

Further facts about

the dual cone NOW T
Other cones O — LS

Nonlinear cones

Summary

Exercises r

vl
(=110

kk ko \T ok
(5’7131 + (@) Sz:nk)

)

Slf o H(xgnk) ) Hsgznk

v
=0
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We can conclude

(Why?).

32 / 44



maoseK

http://www.mosek.com

Introduction

Duality

The quadratic cone
again

Topological
properties

Complementarity

Optimality
conditions

Further facts about
the dual cone

Other cones
Nonlinear cones

Summary

Exercises

Now
kT k Lk k
|(£U2:nk) 82:77,’€ HCEQ:nk HSQ:nk
can only be the case if
k k
da: x5, 8 = S5, k-
Therefore,
0 —= (xk)Tsk
2
= bt +ash,
= sk + alsh)?
and
T
a=——
51

implying that the complementarity conditions X*s* = 0 are

satisfied.
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Optimality conditions

Theorem 2 Assume that dz, s € int(KC) such that Ax = b and
ATy + s = ¢ for some y then (x,y,s) is an optimal solution if

and only if
Ax =
Ay + 5
stk —

b,
C?
0

Y

x € IC,
s € IC,
k=1,...,r
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S Recall given a convex cone K then the dual cone K* is given by

The quadratic cone

again . IC* p— {S : ST,CU Z 07 \V/.CC - IC}
Topological
properties

Complementarity
Optimality
conditions Lemma 5

the dual cone .
1. If K is convex and closed, then (K*)* = K.

Other cones

Nonlifizaricenss 2. K* is closed and convex. (Holds even if K is not convex but
Summary is a cone).

E H " "

xercises 3 lCl g KQ Imp/[es IC; g }CT
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Other cones

Lemma 6 Let

then

K={xeR":

Kf={xeR":

T1 > ||T2:0 )1 }

Ty 2 H372n”oo}
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again

Topological

properties _ n . H . ||}
Complementarity ]C {'CU S R . X1 Z L2:n
Optimality

conditions

Further facts about then

the dual cone ]C* = {ZC & Rn . X1 Z HxQnH*}

Other cones

Nonlinear cones
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where ||||,, is the dual norm i.e.

Exercises

lull, = sup{u’ = : [l2] < 1}.

37 / 44



MoseK

http://www.mosek.com

Summary

38 / 44



maoseK

http://www.mosek.com

Introduction m  Conic duality has been studied.

el Shown pathological duality cases exists.

aTgP:nquadrat'c o m Derived the complementarity conditions for conic quadratic
Summary optimization problems.

Exercises m [2] is good reference.
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Exercise 1 Prove that the quadratic cone is self-dual.

Exercise 2 What is the dual problem to

where KCF is a quadratic cone.
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Exercise 3
Show that the dual problem corresponding to

min !z
st ||Aw b < cax—d; i=1,...,k,
Hx — h
IS
max bl z 4+ dlw + hiv
st Atz +CTw+ Hv = f,
|in|| f; 1L%7 i — ]w 9 k%
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